Abstract. Given a coloring f : V (G) → IN of graph G and any subgraph H ⊂ G we define fs(H) = v∈V (H) f (v). In particular, we denote fs(G) by S(f ). The coloring f is called an ICcoloring if for any integer k ∈ [1, S(f )] there is a connected subgraph H ⊂ G such that fs(H) = k. Also, we define the IC-index of G to be
Introduction
Suppose a country wishes to issue a block of four stamps, as illustrated in Figure 1 , with denomi- This problem is equivalent to assigning positive integer labels to the vertices of C 4 in such a way that for each integer k = 1, 2, · · · , 10 there is a connected induced subgraph whose labels sum to k. The problem of finding IC-colorings of finite graphs is related to the postage stamp problem in number theory, which has been extensively studied in literature [1, 5, 7, 8, 10, 11, 12, 14, 15] . In 1992 Glenn Chappel formulated IC-colorings as "subgraph sums problem". He observed the ICindex of cycle C n is bounded above by n(n − 1) + 1. Also, Yuzuru Hiraga has reported that M (C n ) has been discussed in a Japanese magazine in 1982, and it is known that M (C n ) = n 2 − n + 1 if n is a prime power p r , (see www.math.uiuc.edu/˜west/pcol/pcol22.ps ). This statement is not quite accurate, because we already know that equality does not hold for n = 7.
Given a graph G any function f : V (G)
In 1995 Penrice [13] , introduced the concept of stamp covering of G as follows: for an integer
, the stamp covering number of G, is the largest k ∈ IN such that G has a k-labeling. Furthermore, he showed that
(2) M (K 3 − e) = 6, and for every n ≥ 4, M (K n − e) = 2 n − 3.
(4) If n ∈ {3, 4, 5, 6, 8, 9}, then M (C n ) = n(n − 1) + 1. Equality does not hold for n = 7.
In 1998 John Fink [4] , considered the following labeling problem: 
, and
In this paper we will examine some well-known classes of graphs and determine their IC-indices.
All the graphs will be finite, simple, and undirected. For undefined terms and concepts the reader is referred to [3] . 
Proof. Let f : V (G) → IN be any maximum IC-coloring of G, and define φ :
We claim that φ is an IC-coloring of G+w with S(φ) = 2µ+1. Clearly,
be any positive integer. We will consider the following three cases:
Note that H is also a connected subgraph of G + w with
(c) Suppose µ + 2 ≤ k ≤ 2µ + 1. Then we choose the connected subgraph H of G for which
This shows that φ : V (G)∪{w} → IN is an IC-coloring and therefore M (G+w) ≥ S(φ) = 2µ+1.
The inequality in 1.5 is sharp. As we will see in the next section, for complete graphs we have
However, there are cases, when equality does not hold. For example, consider the graph G, in Figure 3 , with M (G) = 12 (this graph has exactly 12 non-empty connected induced subgraphs). Now, by Observation 1.5, the graph M (G + w) ≥ 25. Although G + w has an IC-coloring with sum 25, but it is not maximal. In Figure 3 , another IC-coloring of G + w with sum 27 is presented.
G:
G+w: 
Maximum IC-indices of complete graphs and stars
c i 2 i−1 be its unique binary expansion, and let H be the subgraph of K n induced by the vertices {v i :
shows f is an IC-coloring of K n , and
On the other hand, since K n has exactly 2 n − 1 non-empty connected induced subgraphs, by 1.4,
For any n ≥ 1, the complete bipartite graph K(1, n) is called star and is denoted by ST (n).
Note that K(1, 1) is the same as P 2 , the path of order two, with M (P 2 ) = 3. Similarly,
is the same as P 3 , the path of order three, and M (P 3 ) = 6. Also, M (ST (3)) = 10. The maximal IC-coloring of ST (2) and ST (3) are illustrated in Figure 4 . Proof. Clearly, the statement of this theorem is true for n = 2, 3. So let n ≥ 4, let c = v 0 be the central vertex, and let v 1 , v 2 , · · · , v n be the end-vertices of ST (n).
We define a coloring f :
or 3, then we simply choose the vertex that is labeled k. Now let k ≥ 4 and let k − 3 = Now, it is enough to show that M (ST (n)) ≤ 2 n + 2. Consider a maximum IC-coloring f :
First we need the following two claims: Claim 1. In any maximum IC-coloring of ST (n), the colors of the end-vertices are distinct.
Proof of Claim 1. Assume to the contrary that f
Then it is easy to see that
is an IC-coloring of ST (n) with S(φ) = S(f ) + λ, which contradicts the maximality of f. Therefore, all the colors assigned to the end-vertices of ST (n) must be distinct.
Proof of Claim 2. We proceed by contradiction. First let f (c) = a ≥ 5. Then to produce any one of the numbers k = 1, 2, · · · , a − 1 by a connected subgraph of ST (n), we let f (v i ) = i (i = 1, 2, · · · , a − 1). As a result, the total contribution of the vertices c, v 1 , v 2 , · · · , v a−1 to the sum µ = S(f ) will be a(a + 1)/2 and the colors of these vertices will generate the consecutive positive integers from 1 through a(a + 1)/2. Now we define the function ψ :
To show that ψ is an IC-coloring, let k be any positive integer in [1, S(ψ) ], and consider the following three cases:
Then, as we saw in the first part that k can be produced by a connected induced subgraph of ST (n) with only the vertices c, 
, and k can be written as sum of ψ-colors of a connected induced subgraph of ST (n).
This shows that f (c) ≤ 4. For the case of n = 3, as illustrated in Figure 4 , the color of c can be 3 or 4. But in both cases the index will be the same and we can only consider the case of f (c) = 3. When n > 3, one can easily show that the choice of f (c) = 4 will generate a smaller sum. Therefore, the colors of the end-vertices are distinct and f (c) ≤ 3. We also observe that c = v 0 , the central vertex of ST (n), is a cut vertex and in a maximum IC-coloring of stars, in order to generate the integers µ − 1 and µ − 2 one has to label two end-vertices by numbers 1 and 2, as illustrated in Figure 5 , which will also take care of µ − 3. Similarly, to generate µ − 4 by a connected induced subgraph of ST (n), one needs to have f (v 3 ) = 4, which will also take care of µ − 5, µ − 6, and µ − 7. Using the numbers µ − k and induction, one can easily show that f (v i ) = 2 i−1 . Finally, since f (v i ) = 2 i−1 , by choosing f (c) = 1, 2, or 3, we will have three different IC-colorings for ST (n). Clearly, the choice of f (c) = 3 will provide the maximum sum with S(f ) = 2 n + 2. Therefore, µ ≤ 2 n + 2.
If we choose n copies of P 2 and identify one of the end vertices of these n copies of P 2 , the resulting graph is the same as star ST (n). From this point of view, one can define ST (n; b 1 , b 2 , · · · , b n ) to be the graph obtained by identifying one of the end vertices of n paths P b 1 , · · · , P b n . We use the notation ST (n; b n ) to denote the graph obtained by identifying one of the end vertices of n copies of P b , the path of order b.
Theorem 2.4. For n ≥ 3, the IC-index of ST (n; 3 n ) is at least 3 n + 3.
Proof. One IC-coloring of ST (n; 3 n ) with the sum 3 n + 3 is illustrated in the Figure 6 . 
Problem 2.7. Find the IC-index of the graph ST
Theorem 2.8. For any n ≥ 2, the IC-index of the complete bipartite graph K(2, n) is 3 · 2 n + 1.
Proof. Clearly, the statement is true for n = 2. So we will assume that n ≥ 3. If r = 1, then depending on whether v 1 is a member of A or not, the connected subgraph
Another IC-coloring of G with the same sum is the function g : This shows that M (G) ≥ 3·2 n +1. We will proceed by contradiction to prove that M (G) = 3·2 n +1.
Suppose M (G) > 3 · 2 n + 1 and let f : V (G) → IN be a maximum IC-coloring of G. Since the number of connected induced subgraphs of G is 3 · 2 n + n − 1, we will have
An immediate consequence of (2.3) is that there are at most n − 3 pairs H and H of distinct connected subgraphs of G with f s (H) = f s (H ). Now we have the following observation: 
Proof of Fact 1. Since the proofs of (a)-(e) are very similar, we will only present the proof for part An immediate consequence of Fact 1 is that the numbers f (
As a result, without loss of generality, we may assume that f ( 
If f (x 2 ) = 4, then f (v 2 ) = 5, which is not allowed by Fact 1(e).
If f (v 2 ) = 4, then f (x 2 ) = 5, 6, 7. Therefore, f (v 3 ) = 6 and this is not allowed by Fact 1(c). Therefore, f (x 2 ) = 4 and consequently f (v 2 ) = 6. Now we use strong induction to show that f (v k ) = 3 · 2 k−1 for all k with 2 ≤ k < n. Clearly this is true for k = 2. Assume that
) cannot be produced by any connected subgraph of G induced by the vertices
and one has to assign this number to vertex v k+2 ; that is,
, which is not allowed by Fact 1(c).
To show that φ is an IC-coloring, let p be any integer in [1, S(φ) ].
Since f is an IC-coloring of G, there is a connected subgraph H of G such that f s (H) = p. If v k+1 ∈ / V (H), then φ s (H) = p and we are done. Suppose v k+1 ∈ V (H), and
where H is a connected subgraph of
, where H is a connected subgraph of < H 1 > . 
where
then we know that G − G is a connected graph, and we have 
for j = 1, 2, · · · , n − 1 and f (v n ) = 3 · 2 n−1 + 1. This will provide an IC-coloring of G with S(f ) = 3 · 2 n + 1. Suppose k < n, and let H be the subgraph induced by the vertices
the numbers 1 through 3 · 2 k−1 are produced by the connected subgraphs of H, which are
cannot be produced by the subgraph
and one has to color
, which is not allowed by Fact
2(c).
This proves that it is not possible to have an IC-coloring of G with S(f ) > 3 · 2 n + 1. Therefore,
Although one can use Theorem 2.8 to obtain the IC-index of K(2, 3), we will present an independent proof for this particular case.
Also, there is an IC-coloring of P n , as illustrated in Figure 10 , with sum (2 + n/2 )(n − n/2 ) + n/2 − 1 Figure 10 . IC-coloring of the paths P 5 and P 6 . Figure 11 . Double-star DS (4, 8) and DS (2, 8) .
As an example, we know that double-star DS(2, n) has a total of 3 · 2 n−1 + (n + 2) connected induced subgraphs, but an IC-coloring with such sum may not be possible. However, there is an IC-coloring with sum 3(2 n−1 +1), as illustrated in Figure 11 . We suspect that this number is indeed its IC-index. 3.3. Cycles. We observe that the graph C n has n(n − 1) + 1 connected subgraphs. Therefore, by Observation 1.4, M (C n ) ≤ n(n − 1) + 1. Also, Fink [4] has presented an IC-coloring of C n with sum n(n + 1)/2, which will result to the following theorem:
Theorem 3.5. For any n ≥ 3, n(n + 1) 2 ≤ M (C n ) ≤ n(n − 1) + 1.
The right hand side of this inequality is sharp; because, as illustrated in Figure 12 , we know that M (C n ) = n(n − 1) + 1 for n = 3, 4, 5, 6. But we have not come up with a systematic way of finding a maximal IC-coloring of C n . 3.4. Wheels. Wheels with n spokes, denoted by W n , are obtained by the join operation C n + K 1 . Theorem 3.6. For any n ≥ 3, the IC-index of W n satisfies the following inequalities:
Proof. Since ∆(W n ) = n, by Corollary 2.3, we have M (W n ) ≥ 2 n + 2, which proves the lower bound. To prove the upper bound, we need to count the number of connected induced subgraphs of W n . We noticed earlier that C n has n(n − 1) + 1 connected subgraphs. Thus W n has exactly n(n − 1) + 1 connected subgraphs that do not use the vertex K 1 . Any subset of V (C n ) together with K 1 forms a connected induced subgraph of W n . Thus there are exactly 2 n connected induced subgraphs that use the vertex K 1 . Therefore, W n has 2 n +n(n−1)+1 connected induced subgraphs and by Observation 1.4 we have M (W n ) ≤ 2 n + n(n − 1) + 1.
